In this paper we present a detailed analysis of the lower excited states of crystalline anthracene. Starting with zero-order product wavefunctions, the treatment differs from standard formulations in that interactions between molecules are computed directly by the use of 7r-electron theory, by the inclusion of the effects of extensive configuration mixing, and by the inclusion of long-range interactions out to the convergence limit. It is found that:
In this paper we present a detailed analysis of the lower excited states of crystalline anthracene. Starting with zero-order product wavefunctions, the treatment differs from standard formulations in that interactions between molecules are computed directly by the use of 7r-electron theory, by the inclusion of the effects of extensive configuration mixing, and by the inclusion of long-range interactions out to the convergence limit. It is found that:
(1) The computation of interaction energies cannot be reduced to dipole-dipole terms alone. By the use of 7r-electron theory it is shown that short-range high-order multipole (greater than dipole) interactions make important contributions to both the diagonal and off-diagonal elements of the energy matrix.
(2) Long-range interactions of the dipole-dipole type are of importance for distances of the order of the wavelength of light. By application of momentum-conservation conditions, it is shown that the longrange dipole-dipole interactions, including the effects of retardation of the potential, are absolutely convergent. Major contributions to the Davydov splitting arise from molecular separations ranging from 50 A to the convergence limit.
(3) For the case of allowed singlet-singlet transitions, electron-exchange interactions are small relative to other contributions to the interaction energy.
(4) Under the experimental conditions used to date, the Davydov splitting should be independent of crystal thickness.
(5) In anthracene, crystal-field mixing of the p and (3 molecular states has a large effect on the Davydov splitting. Inclusion of mixing with higher excited 7r states has little effect on the Davydov splitting, but is required in the calculation of the polarization ratios in the vibronic components of the P band.
(6) Charge-transfer exciton states play only a minor role in altering the properties of singlet exciton states arising from allowed transitions.
(7) The detailed calculations reported herein yield good agreement with the observed Davydov splitting (tJ.E) and polarization (P) ratios in anthracene, e.g., for the 'A ,g -->'B2" band: 
INTRODUCTION
T HE theory of light absorption by molecular crystals was first studied by Frenkel! and Peierls 2 and has since been extended by many workers.3 The conventional theory is based on the observation that molecular crystals are held together by weak dispersion forces so that, to a first approximation, the manifold of electronic states of each molecule can be considered to be unaltered by the crystal field. Because of the small but finite intermolecular forces, it is impossible to construct a stationary state for a perfect crystal in which some one selected molecule is excited. The correct zero-order states for the crystal with one quantum of electronic excitation correspond to a delocalization of the electronic energy over all molecules. It is convenient to describe the quantum of excitation as * National Science Foundation Cooperative Fellow. I J. Frenkel, Phys. Rev. 37, 17 (1931) .
2 R. Peierls, Ann. Physik 13, 905 (1932) . an exciton wave of momentum hk which propagates through the crystal with a velocity determined by the intermolecular interaction. Now, aromatic compounds have a number of electronic transitions for which the spatial extent of the electron density is almost the same in both the ground state and the excited state. In this case, with overlap integrals between molecular orbitals on adjacent molecules of the order of 10-2 to 10-3 , considerable simplification of the analysis is feasible. For, in the case of small intermolecular overlap, the Heitler-London formalism may be used to construct proper zero-ordel wavefunctions. Following the pioneering work of Davydov,3a the Heitler-London scheme has often been used to construct both the ground-state and excitedstate wavefunctions, and much effort has gone into calculations of energy shifts and splittings associated with the interaction of a molecule and the weak crystal field.
3 Advantage is also taken of the small intermolecular overlap to represent the interaction between molecules in a multipole expansion. Usually only dipole terms in the expansion are retained, although some recent work has dealt with octopole contributions. 3b ,4 The work presented in this paper draws heavily on previous research. There are, however, two notable differences between our analysis and the previous work. First, '/I"-electron theory has progressed to such an extent that we feel it may be profitably applied to the present problem, thereby bypassing use of the multipole expansion. In the work reported here the intermolecular interactions are computed using the best available '/1"-electron wavefunctions, and direct calculations are carried out to relatively large distances (,-.....,50 A).
These calculations make possible the evaluation of short-range interactions. Second, in the region from 50 A to the bounding surfaces, dipole sums are used.
In previous work, Craig and Walsh 5 made use of the Ewald-Kornfeld procedure for evaluating dipole sums (characterized by k = 0 and neglecting retardation of the interaction), comparing this result with a finite summation which counted all the dipole-dipole interactions within a sphere of radius 20-30 A. This procedure is open to serious criticism: It is well known that dipole sums are only conditionally convergent,6 since an interaction of the form (cos1Jij-3 cos1J; cos1J j ) Rij-a decreases with increasing Rij only as fast as the volume of space (number of interacting molecules) increases. The dipole sums for k=O, in general, depend on the shape of the solid. In examining only the case k=O, the momentum of the photon (nq) is neglected. In addition, retardation of the interaction between molecules is neglected. This approximation is equivalent to the assumption that all the transition dipoles in the crystal are in phase and that they interact instantaneously. Momentum conservation requires (when the interaction between the radiation field and the phonon field is neglected) that k= q. The ratio of k to the magnitude of the primitive translation vector of the reciprocal lattice of the crystal is of the order of 10-3 , and the assumption k=O is justified only for shortrange interactions, i.e., octopole-octopole or electronexchange interactions. The dependence of the dipole sums on the direction of the propagation vector of the exciton has been discussed by Fox and Yatsiv. 7 We shall demonstrate that introduction of the momentum conservation restriction and the effects of retardation of the interaction imply that the dipole sums become absolutely convergent for an infinite crystal and independent of boundary conditions.
II. FORMULATION OF THE THEORY
The theory of molecular excitons has been treated in many articles.
3 Nevertheless it is advantageous to sketch briefly the principles involved as used in the work reported here.
The Hamiltonian for a crystal containing N unit cells and h molecules per unit cell may be written in 5 D. P. Craig and J. R. Walsh, J. Chern. Soc. 1958 , 1613 M. H. Cohen and F. Keffer, Phys. Rev. 99, 1128 (1955 
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The functions <I>"f are known as one-site excitons, r m " is the vector from the origin to the center of the molecule ma, and the coefficients E"i can be found by diagonalizing the hXh secular determinant or by using the symmetry properties of the group of the wave vector.
For the case where there exists one state for each representation of the factor group the energies of the Davydov components of this excited state, relative to the ground state, are given by
In Eq. (6), El is the excitation energy of the free molecule and D f represents the energy shift of the center of gravity of the band:
Since D f leads to a uniform shift of all the energy levels, it may be thought of as an environmental effect. On the other hand, M/(k) is different for each representation of the factor group and thereby leads to the splitting of the crystal level into h components (Davydov splitting) : . izing the tight-binding Hamiltonian (1) with the basis set (3).
The compound to which we apply our analysis (anthracene) crystallizes in the monoclinic system with space group C2h5 and has two molecules per unit cell. Corresponding to every excited state, it is possible to form a one-site exciton for each site in the unit cell. We denote these one-site excitons by <l>lf(k) and <l>2f(k). An elementary argument leads to the linear com bina tions and
The vectors defining the unit cell are a, b, and c (see Fig. 1 ). In this crystal lattice a Type 1 molecule may be transformed into a Type 2 molecule by reflection in the ac place followed by a glide of !a. At k=O the group of the wave vector is isomorphous with the group C2h whose character table is displayed in Table 1 . For the case of dipole radiation, the allowed symmetry types are Au (polarized parallel to b) and Bu (polarized perpendicular to b). Now,
Equations (11) where 'e'=!(a+b). The exciton band structure is determined by
where the excitation-transfer matrix element is
while the electron and excitation-exchange matrix 
Only terms involving excitation transfer and electron exchange between translationally nonequivalent molecules lead to a Davydov splitting, while interactions between translationally equivalent molecules contribute to the band shift. The Davydov splitting, in first order, is given by (16) and, bearing in mind the necessity for momentum conservation (k= q), we obtain
The exciton theory just sketched must be extended by taking into account crystal-field-induced mixing of excited molecular states into the state f. The tightbinding Hamiltonian (1) must be diagonalized in the basis set \jf/(k) , where the indices f refer to all the molecular excited states. The diagonal matrix elements are obtained from Eqs. (6) and (13). The off-diagonal elements assume the form:
miT'nl where
III. EVALUATION OF THE MATRIX ELEMENTS
To reduce Eqs. (13) - (21) to numerical form, both the intermolecular potential and the molecular wavefunctions must be specified. The intermolecular pair potential has the form where I and J refer to nuclei in the different molecules k and t, i refers to the electrons on k, and j to the electrons on t.
In previous applications of exciton theory to the singlet excited states of aromatic crystals, the following procedure has usually been adopted: (a) A multiple expansion for the matrix elements of V kl is introduced and the series truncated after only a few (usually the dipole) terms.
(b) The polarization of the transition is chosen on the basis of experimental or theoretical arguments.
(c) The dipole terms are evaluated using the experimental oscillator strength (obtained from solution spectra) .
(d) For allowed optical transitions, the higher multipoles are not calculated. Some calculations have been reported 5 ,8 in which the octopole transition moment is used as a variable parameter to obtain agreement with experiment. It is not apparent without detailed calculation how many terms have to be included in the multipole expansion. Similar problems are encountered in the computation of dispersion forces between aromatic molecules. 9 (e) The dipole sum is often truncated at a relatively small distance. The inadequacy of this calculation has already been mentioned. 7 In the present work we attempt to evaluate th~ matrix elements of Vkl to distances of the order of SO A using the best available 7r-electron wavefunctions. For larger distances, the dipole summation will be used. \Ve now turn to the choice of molecular wavefunctions. The molecular wavefunctions used were antisymmetrized products of Huckel molecular orbitals and semiempirical configuration-interaction wavefunctions in the 7r-electron approximation computed by Pariser. lO The relevant molecular states and the wavefunctions used are entered in Table II .
The J and K integrals required for the calculation of the first-order Davydov splitting can now be represented in terms of the molecular wavefunctions. Using Huckel wavefunctions, these integrals for the IB2n (p) excited state assume the form: are not sensitive to the behavior of the molecular wavefunctions at large distances. However, in order to obtain maximum accuracy, SCF 2p carbon-atom wavefunctions were used for the computation of the Coulomb integrals. The same wavefunctions were used for the computation of the exchange integrals Kn1,m/ previously described. ll
The matrix elements necessary for the computation of the energy shifts and splittings were computed directly using an IBM 7094. The details of these computations are described in Appendix L The interactions calculated for the inner <lone were extended to SILBEY, ]ORTNER, AND RICE about 60 A in all directions thereby including approximately 2000 molecules. The interactions summed over translationally equivalent and translationally nonequivalent molecules are displayed in Table III . Here HU and PA represent the interactions calculated using the Huckel and Pariser wavefunctions. It is important to note at this point that both wavefunctions overestimate the transition dipole moment to the lB 2 ,,(p) state, and therefore a scaling procedure must be devised to correct the calculated matrix elements. In Table III we compare the total interaction matrix-element sums with the first term of the monopole expansion, I.e., 3853  2655  2767  4542  3490  3665  4473  3430  3607  4470  3402  3581  5083  4200  4030  5708  4995  5286  6100  5501  5871  6323  5785  6135  6429  5918  6353  6482  5986  6280   3000  1636  1675  3762  2548  2653  5024  4140  4366  5459  4693  4963  6233  5672  6016  6254  5700  6045  6487  6003  6370 the static dipole-dipole sums over the same region:
In Eq. (31), !' represents the transition dipole moment.
For short-range interactions q. (rm!'· r nl) ~O, and the modulation and retardation of the dipole-dipole sums are irrelevant.
Recent work on rutile l3 has shown that dipole sums within a sphere tend to oscillate about a limit, while sums within a slab the shape of the unit cell tend to a limit more regularly. For this reason, we have carried out the dipole sums needed to estimate the multipole interaction in both geometries.
The contribution 1m of higher-order multipoles (greater than dipoles) to the interaction energy may be computed by subtracting from the inner zone total interaction energy, the interaction energy due to just the transition dipoles. The latter must be scaled by a numerical factor C which is the ratio between the squares of the calculated and experimental transition moments of the free molecule. For the p state of anthracene, from Table II , we take CHw =5 for the Huckel and C A = 3.9 for the Pariser wavefunction. Thus, the contribution of the higher multipoles is given by oIIu=HU-5Idd and oPA=PA-3.9Idd for Huckel and Pariser wavefunctions, respectively. It is found that the higher-multipole interaction contribution in the anthracene p band is of short range, as expected. To obtain the correct energy, it is necessary to scale the magnitude of the higher multipoles. As seen from Table  III the higher-multipole contributions computed on the Huckel basis and the Pariser basis show that the entire multipole expansion for the IB2u (p) state scales just as do the dipole-dipole sums, so that the contributions of the higher multi poles in the p band is just !m=PA/3.9-!dd, and Im= -92 em-I.
In the IB3u(f3) intense band, the computed interaction energies were sensibly independent of the wavefunctions used for the computations. Since the dipole moment corresponding to this transition is very large, the dipole-dipole terms are dominant while the contriwith y the dipole moment of the unit cell. Now the unit cell is small relative to the volume excluded from (30) (",125 A3 compared with ",125X10 3 A3), so that the sum may be replaced by an integral over a density of dipoles. Of course, the direct summation for the inner volume must be added to complete the evaluation of the total interaction energy. Indeed, as shown, within this volume we have included all interactions. For the region outside Ro, Eq. (30) becomes
bution of higher multi poles is less than 10%. The IB;!u results were therefore left as computed.
IV. EVALUATION OF LONG-RANGE INTERACTIONS
We now consider the interactions at intermolecular pair separations greater than 50 A. As shown in the last section, these long-range interactions are due only to dipole-dipole terms. It has been demonstrated (by Heller and Marcus l4 ) that the contribution of dipoledipole interactions between distant neighbors cannot be neglected for small values of q.
In our treatment of long-range interactions a continuum model introduced by Heller and Marcus was extended to the case of more than 1 molecule per unit. We shall consider again the + and -states of the crystal as linear combinations of unit-cell wave-
application of the multipole expansion to the interaction matrix element on the basis of the unit-cell functions leads to the interaction of unit-cell transition dipoles, .... It is seen that the -state dipole is oriented along the b axis, and the + state dipole is oriented in the plane perpendicular to the b axis. We shall consider only the dipole-dipole interaction in this scheme. Since the minimum distance between molecules is of the order of 50 A, it is assumed that the contribution of higher multipoles has converged within the inner excluded region.
Because the wavefunctions belong to different irreducible representations, the + and -states do not interact with light whose k vector is parallel to (b )-1 or perpendicular to (b)-I. Therefore we need consider only the case of interaction between parallel dipoles,
term (",20% or less) and may be neglected to the accuracy of the calculations reported herein. The reader can find in Appendix II, a derivation of Eq. (30), which is written for the case that the inner zone is a sphere, along with a discussion of retardation effects. Consider the two transition moments (32) 14 W. Heller and A. Marcus, Phys. Rev. 84, 809 (1951) . where (a, b, c) is the vector representing the direction cosines of the transition dipole of Molecule 1 in the unit cell, and I p I is the magnitude of the transition dipole.
Then, in view of the discussion in Appendix II, and
From the definitions, it readily follows that the contributions of the long-range dipole-dipole sums over translation ally equivalent and nonequivalent molecules are given by L lnl,rnl P cos(k·rml) =HSA"P+SB"p) ml"'nl and Llnl,m2 cos(k· rm 2) = HSB"P~ SA"P)
for R> Ro. Here the superscript p refers to the contribution to the diagonal matrix element for the IB 2u (p) state. Since the excluded volume is characterized by a radius Ro~50 A, kRo~0.2 and jo(kRo) +j2(kRo)~1.
We shall limit ourselves to the case wherein the k vector is perpendicular to the ab plane, so that k [[ (C')-I, This is the case of practical interest, as all experimental results have been obtained for k along the normal to the (ab) -I plane. It is found that and
whereupon and Using the crystal data cited III Appendix IV, the long-range contributions to the Davydov splitting can be obtained. These results are displayed in Table IV .
It should be noted that a substantial contribution to the factor-group splitting arises from the external region.
v. CRYSTAL-FIELD MIXING
The first-order theory described in Sec. II is not sufficient to account for the Davydov splittings and intensity ratios in aromatic crystals. The importance of configuration interaction between singlet exciton states arising from crystal-field perturbations was first pointed out by Craig.
15 Moreover, as pointed out by Fox and Yatsiv/ the off-diagonal matrix elements of the Hamiltonian are extremely important when long-range interactiqns are included.
In the analysis reported here, we have considered the configuration interaction between the anthracene p and (3 states, which requires the evaluation of the integrals r m1 ,nI Pj3 , r m2 ,nI Pj3 , and ~nl,miPj3 [Eqs. (18) and (19)]. Previous work has employed the multipole expansion for the pair-interaction term, keeping only the dipole-dipole interaction. In this approximation the ~nl,mi(i= 1, 2) matrix elements vanish.1 5 Using the MO 1T-electron scheme, we write, in the Huckel approximation, (unfiu,? [un,'u",r) . (37) r=l Neglecting the contribution of three-and four-center integrals and assuming the validity of the pairing property for the molecular orbitals of an alternant hydrocarbon, we get ~nm = O.
The r nm pj3 integrals were evaluated numerically for molecules within a sphere of 50 A. The matrix elements take the form
Only the two-center integrals were included in this calculation, using Huckel and Pariser wavefunctions. The results thus obtained are displayed in Table V . As in the case of the first-order theory, the contribution of the higher multipoles was estimated by evaluating the contribution of the dipole-dipole terms only, scaling this dipole term by the ratios between the calculated and experimental transition moment for the band (the transition moment for the (3 band is assumed to be correctly given by the theory), and subtracting the scaled dipole-dipole contribution from the total interaction energy. The contribution of the higher multipoles is of the order of 25% of the total interaction energy within the 50-A sphere. The corrected total interaction energy within this inner zone was obtained by multiplying the HU and P A terms in Table V by the scaling factors involving the squares of the calculated and experimental oscillator strengths for the p band, i.e., (0.5/0.1) ~ and (0.38/0.1) l, respectively. For the region outside the SO-A sphere, it was assumed that convergence of the higher-multipole interaction had been achieved, and only dipole-dipole terms remained to be summed from 50 A to infinity.
This summation was carried out using the continuum model.
We consider a cubic crystal with the same unit-cell volume as the aromatic monoclinic crystal and containing one dipole per unit cell. The formulas derived for the case of the infinite spherical crystal are now applicable. The contribution of the long-range dipoledipole interactions to r nl,mi Pf3 involve the interaction between the transition dipole to the p state on one molecule and a IJ-state transition moment for another molecule and vice versa. For the calculation of the interaction between translationally equivalent molecules, we consider the fictitious dipole ( 39) where pnl P and Pnl f3 are the transition dipole moments to the p and IJ states on Molecule n1. Then the interaction between the dipole th located at the origin and a set of parallel dipoles Vm each located in the mth unit cell is
where E(Pnl P , Pml) represents the interaction energy between a p-state transition moment of the reference molecule n1 and the IJ-state transition moments on all Translationally equivalent molecules the translationally equivalent molecules. The calculation is straightforward, and, using the data in Table IV , we find
For the sum over translationally inequivalent molecules we take
The interaction energy between Vn' at the origin and all the Vm' dipoles in the fictitious crystal gives
In Table VI we compare the total contribution of the dipole-dipole terms obtained by direct summation up to 50 A and use of the continuum approximation for the outer region with the results of Fox and Yatsiv 7 who employed the Ewald method for evaluating the dipole sums. The agreement is good, lending support to the 
VI. NUMERICAL CALCULATIONS AND RESULTS
In Table VII we present the interaction matrix elements required for the computation of first-and second-order Davydov splittings in the p and {3 bands in anthracene. These results differ considerably from the dipole-dipole terms given in Table VI , thus demonstrating the importance of inclusion of the higher multi pole terms. In Table VIII we list the various contributions to the first-order Davydov splitting in anthracene, again demonstrating the importance of higher multipoles and of long-range dipole-dipole interactions. On the other hand, the contribution of the electronic-exchange interaction Knm in the anthracene p band is relatively small, in contrast with a previous conjecture 16 regarding the importance of electronexchange terms for singlet-state Davydov splittings. Throughout the previous discussion we have assumed that the Davydov splitting is large relative to the vibrational spacing. In this strong coupling limit, the wavefunction is represented by the product of the excited-state electronic wavefunction 3 and the groundstate vibrational wavefunction. In the weak coupling limit, the Davydov splitting is small compared to the vibrational spacing, and, instead of starting with the total electronic wavefunction, a different formalism must be used. (In the strong coupling limit, the vibrational part of the Hamiltonian is diagonalized after the crystal-field part; in the weak coupling case, the reverse order is taken.) In the weak coupling limit the molecular wavefunctions are constructed from vibronic functions, i.e.p (43) where Xnf(i) is a vibrational wave function for the nth excited molecule in the ith vibrational state. When the functions defined by Eq. (43) are used as the basis for calculating the matrix elements of the intermolecular potential, the integrals are all modified as follows:
Therefore, in the weak-coupling limit, the total electronic matrix element is modified by vibrational overlap factors. It should be noted that in this case off-diagonal matrix elements between vibronic states corresponding Since the total calculated splitting in the P state of anthracene is of the order of 500 cm-1 compared with a (symmetric) vibrational spacing of the order of 1400 cm-I , we shall examine the theoretical predictions in the weak coupling limit. On the other hand, for the (3 band, an application of the strong coupling scheme seems more appropriate. For the computation of the Davydov spliUings in the vibronic components of the band, we have considered four vibrational states with the diagonal and off-diagonal matrix elements given by (33). The configuration-interaction crystal-fieldmixing matrix elements between the vibronic components of the P band and the (3 band are given by
I'nnl P (XO(O) I xp(i». The vibrational overlap integrals (XO(O) I Xp(i» can
be obtained from the squares of the relative intensities (normalized to unity) of the vibronic components in the solution spectra. Alternatively, the Ross-McCoyl8 procedure for the evaluation of these overlap integrals may be employed. Using the procedure described in a previous paper,12 we get, from the calculated bond-order changes, The 5XS matrices were diagonalized, leading to the results displayed in Table VIII . It is well known that a small amount of configuration mixing can lead to profound changes in the spectrum: our calculations for anthracene can therefore be further tested by examining the polarization ratios of the components of the IB 2u vibronic states. Let M-and M+ be the transition moments parallel and perpendicular 18 E. F. McCoy and I. G. Ross, Australian J. Chern. 4, 573 (1962) . Table IX. A crystal-field-mixing scheme involving only the P and (3 states is not complete; higher excited states must also be included. In order to take into account the effect of higher lI'-excited states in anthracene, the following procedure was employed. Pariser'slO values of the energy levels of the 11' states having nonzero oscillator strength (i.e., a IB2u state at 5.251 eV with oscillator strength of 0.091, a IB 2u state at 6.586 eV with oscillator strength of 0.644, and a IBsu state at 7.221 eV with oscillator strength 0.091) were used. Since there is no lB 2u state at 5.2S1 eV in the solution spectrum/ 9 but there is one at 5.65 eV, we arbitrarily added 0.4 eV to Pariser's energy values. Then, dipole sums for these levels were calculated using Pariser's oscillator strengths; the results were scaled by a factor arrived at in the following way: the dipole sums of the shortaxis polarized (1 B2u) states were scaled by the ratio of the experimental oscillator strength of the p band (also short-axis polarized) to the oscillator strength calculated by Pariser for the p band. The long-axis state (IB 3u ) sums were scaled by a similar ratio for the (3 state. The resulting 9X9 matrices (flve vibronic components of the p and the (3 states, two IB 2u , IB3u states in the strong coupling limit, i.e., all intensity in the (}-() band) are in Table X . The results for the splitting and the polarization ratio for the p band found by diagonalization of the above matrices are listed in Table IX (along with those results found by excluding the higher states). There is little difference in splittings, but the polarization ratios are considerably affected by including higher excited states. 
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VII. COMPARISON WITH EXPERIMENT
The experimental value of the Davydov splitting in the anthracene IAI!l~IB2U band has only recently been established. Due to the width of the absorption bands, the positions of the bands and the Davydov splittings were found to depend on the thickness of the crystal unless very pure polarized light was used. The splitting in the 0--0 band has been reported to be 220 cm-- I . An examination of Table VIII shows satisfactory agreement between our calculations and experiment.
In the anthracene (3 band, Craig I5 reports the component perpendicular to b to lie 10 000 cm--I above the vapor transition and the component parallel to b to lie 5300 cm-I below the vapor transition. The shift of the perpendicular component is so large that the transition lies in the vacuum-ultraviolet region and the exact position of the maximum is uncertain. (The bandwidth is very large.) Examination of Table VIII shows that the observed shift of the parallel component agrees with our calculation; the sign and magnitude of the shift of the perpendicular component also agrees, but the experimental data do not permit of quantitative comparison.
In Table IX we also compare the calculated and experimental splittings of the vibronic components of the p band with the available experimental data. The 20 M. S. Brodin and S. V. Marisova, Opt. Spectry. 10, 242 (1961) [Opt. i Spektroskopiya 10, 473 (1961) agreement regarding the sign and magnitude of the Davydov splitting is as good as can be expected.
The experimental intensity ratios of these individual vibronic components reveal a marked deviation from the oriented gas value [PCb/a) = 7.7J and show a definite trend, which is reproduced by our calculations when crystal-field mixing is taken into account. When only the effect of the (3 band is considered, the quantitative agreement is poor. Mixing higher excited states shows that there is a little difference in the splittings, but the polarization ratios are altered to be far closer to experiment.
VIII. EFFECT OF CRYSTAL SIZE ON THE DAVYDOV SPLITTING
The calculations described in the preceding sections were performed for a crystal of infinite size. In order to make a meaningful comparison between theory and experiment, the effect of the finite size of the crystal on the Davydov splitting must be considered. That the finite size of the crystal may be of considerable importance is suggested by the substantial contribution of long-range dipole--dipole interactions to the first-and second-order splittings. Experimental measurements usually refer to the splitting in crystals which are 0.1 p. thick and about 1 em in diameter, with the wave vector of light in the crystal c' direction (i.e., k perpendicular to the ab crystal cleavage plane).
It is quite simple to consider the effect of the crystal on the Davydov splitting for a spherical crystal of radius R in the same approximation as defined by Eq. (31) . Using the results described in Sec. IV and Appendix II, the dipole sum for the finite spherical crystal is related to the infinite crystal dipole sum by lad( finite) = ldd(infinite) (47) where jl(X) is the spherical Bessel function of first order.
It is worthwhile to notice that the finite lattice sum goes to zero for k~O and shows a rapid variation in the region 0<kR~5, converging for kR '"'-'lO to the infinite sphere result. Since for our case k'"'-'2X 10+ 5 cm-1 (which is of the order of the reciprocal of the crystal thickness used in the actual experiments), the contribution of the long-range dipole-dipole terms should depend on the crystal thickness. However, the spherical crystal is not a good representation of the actual physical case, and we shall demonstrate that, under the experimental conditions actually employed, the Davydov splitting is expected to be independent of the crystal thickness.
We turn our attention to a cylindrical crystal. This is, in fact, a faithful representation of the actual case. Since k~O the dipole sum converges to a value independent of the crystal shape, so that the dipole sum for the infinite cylinder is equal to that for the infinite sphere.
As in the case previously considered, we assume that the interactions within a region of exclusion are to be directly summed. This exclusion region now consists of a cylindrical volume of radius po and height a around the origin. For the outer region we again consider a lattice of parallel dipoles with one dipole per unit volume and replace the lattice sum by an integral .
[1-3COS
where the integral is taken outside the excluded volume. This integral may be broken into three parts:
(1) The annulus of inner radius Po, outer radius L, and height a, leading to a contribution h 
Consider now the second contribution:
For a finite value of k, when L~oo, I2~0.23 Thus we have shown 24 that the entire contribution to the dipole sum for a cylindrical crystal with k perpendicular to the plane face of the cylinder arises from the annular region and the excluded inner zone. This result may be justified by the following intuitive argument: Consider an infinitely wide and infinitely thin plate of dipoles above the test dipole, which is not in the plate. Let us consider two cases: (a) All the dipoles are perpendicular to the plate; the plate then acts as a condenser, and since the field is zero outside a condenser, there is no interaction between the dipoles in the plate and the test dipole; (b) all the dipoles are parallel to the plate; then the field due to the dipoles in the plate has a discontinuity at infinity, and there is no interaction between the dipoles within the plate and the test dipole. Hence, for any orientation of dipoles, an infinitely thin and infinitely wide plate does not interact with a dipole outside. Of course, for a finite thickness, the modulation of the dipoles by the exp(ik·R) terms has to be included. However, we have shown that for k perpendicular to the plane there is no contribution outside the annular region. For the case of a real aromatic crystal, the thickness of the annular region is determined by the distance where the continuum approximation involving the construction of effective unit-cell dipoles is applicable.
As shown in Sec. IV, a value of a~50 A is suitable.
Hence we conclude that, under any experimental conditions when k II (c')-I, the entire long-range contribution to the Davydov splitting will arise from the annular region, and the experimental splitting should be independent of the crystal thickness. It is worth mentioning that Brodin and Marisova 20 found no systematic change in the factor-group splitting in the p state of anthracene varying the crystal width in the region 0.05-0.1 }J.. The results just obtained imply that, under the conditions discussed above, the region of coherent excitation in the crystal is not limited by the crystal thickness, as long as the crystal width (i.e., area) is infinite. Under the experimental conditions usually employed, the size of the exciton packet is determined by the reciprocal of the absorption coefficient and by the infinite width of the crystal. Although the change of phase across the exciton packet in the k direction is relatively small (i.e., kR'"'-'l, the absorption coeffi-23 It is worthwhile noting at this point that for k=O, Idd depends on the ratio M / L, i.e., the shape of the cylinder. 24 The same result can be obtained by maximizing the integral h, so that
As the integral on the right is finite for all values of M, then for large L, 12 (max.)->O.
stLBEY, JORTNER, AND RICE cients are of the order of lO L 10 6 cm-1 in aromatic crystals), size effects are not expected because of the infinite crystal width. Moreover, as long as k is in the c' direction, the energy of the two Davydov components will be independent of the crystal shape. Finally, no size effects are expected to contribute to the absorption bands. Before closing this discussion, it is worth mentioning that, if k is not perpendicular to the ab plane of the cylindrical crystal, size effects on the splitting would be expected to show up, depending on the angle between k and (C')-l.
IX. EFFECT OF CHARGE-TRANSFER STATES
Up to this point we have followed the formulation of exciton theory within the framework of the tight binding approximation, constructing zero-order crystal wavefunctions based on the free-molecule wavefunctions. Recently, the simple exciton theory was extended to include charge-transfer (ion-pair) exciton states constructed by removing an electron from one molecule and locating it on another molecule in the crystaP2 Ion-pair exciton states are expected to make a considerable contribution to neutral exciton states characterized by a relatively small bandwidth, i.e., neutral-triplet exciton states and neutral-singlet exciton states corresponding to very weak molecular transitions. In the analysis cited, the crystal wavefunctions and the energy levels for charge-transfer exciton states were derived, and configuration interaction between charge-transfer and neutral-triplet exciton states was examined. It is also interesting to examine the configuration interaction between charge-transfer states and neutral-singlet exciton states arising from a relatively weak molecular transition, e.g., the anthracene p band. Since the interaction is short range, we need only consider ionpair functions where the positive and negative ions are near neighbors. As before, the matrix elements connecting the neutral and charge-transfer exciton states can be expressed in the form:
where! R i ) refers to a localized excitation on Molecule i, while! R i , Rj ) is the ion-pair wavefunction where the positive and negative charges are located on Molecules i and j, respectively.
Considering only matrix elements where the molecular excitation and the negative (or positive) ion are located on the same molecule, it was previously shown that only the following eight ion-pair exciton wavefunctions, E 1 T= ! 0, -c; F), E2T= ! -c, 0; =t=), E.T= ! 0, c+-c; =t=), and E 4 T= ! c+-c, 0; =t=), have different mixing coefficients for the states of Au and B" symmetry, and only these states will contribute to the Davydov splitting. The configuration-interaction matrix elements take the form:
The matrix elements were evaluated by the methods described previously,12 leading to the general results The configuration-interaction matrix elements are displayed in Table XI. The energies of the charge-transfer states in anthracene were estimated from classical considerations. 12 The energies of the Et''' and E2~ states were found to be 3.4±0.S eV, while the energies of the E.~ and E4~ states are 4.4±0.S eV above the ground state. The difference between these energies arises from different Coulomb interactions in the states where the charges are located on 0 and ' t" or on 0 and c+'t", respectively. Since the energies of the charge-transfer states are expected to lie close to the p band (3.1 e V), perturbation theory is not applicable, and the 6X6 energy matrices (for the Au and Bu states, separately) involving the p, (3, and four charge-transfer states were diagonalized. 25 Moreover, since the location of the chargetransfer states is uncertain, we have used the energy difference between the p and the El (or E 2 ) states as an adjustable parameter, while the energy difference between the EI and E3 states is taken to be 1 eV. The results thus obtained are displayed in Fig. 1 , where we have plotted the relative energies and the percentage of p in each of the components.
For a p-EI~ separation of -600 to +400 em-I, four bands in the absorption spectrum are expected, two b polarized and two polarized in the ac plane. It should be noted that the intrinsic intensity of the transition to the charge-transfer states is expected to be small (characterized by an oscillator strength of the order of f = lO-L 10-6 ), and such transitions may only be amenable to experimental observation in pure crystals when appreciable mixing with neutral-exciton states occurs. The available experimental data are not consistent with the above picture, as only one Au and one Bu component are observed for each vibronic state. It is then necessary that the separation between the charge transfer and the p bands in crystal anthracene be larger than 500 em-I. Under these conditions, the effect of charge-transfer states on the p-band splitting 25 The off-diagonal matrix element between neutral and chargetransfer states may be derived by considering a set of wavefunctions <1>; characterized by extremely small overlap. In this case, the symmetric orthogonalization procedure [P.-O. L6wdin, J.
Chern. Phys. 18, 365 (1950) ] is applicable:
where
amI since the overlaps are so small, we may neglect higher-order ten';s in S. Then, if our Hamiltonian has off-diagonal matrix elements much smaller than the diagonal elements,
and we may neglect the last term for the cases we consider here. Thus the off-diagonal matrix elements are given by K;~. is small (Fig. 1) . The experimental observations/,2o therefore, do not yield evidence regarding the location of the first charge-transfer states EI and E2 in this system. In addition, recent experimental observations on thick (1 em) anthracene crystals 26 also fail to yield any evidence for the location of the charge-transfer state on the low-energy tail of the band in anthracene. It is conceivable that these states are located somewhere between the p and (3 neutral-exciton states of the crystal.
X. DISCUSSION
In the work presented herein, a detailed study is made of the lower excited states of a typical aromatic crystal. It is shown that calculations of the magnitudes and signs of the Davydov splittings and the intensity and polarization ratios of the vibronic components of the transition to the lowest excited state of anthracene are in satisfactory agreement with experiment. It is somewhat disappointing that, despite considerable progress in the understanding of the excited states of 7r-electron systems, the available wavefunctions are not of sufficient accuracy to permit a priori calculations of the properties of singlet-exciton states. The criterion for the accuracy of the molecular wavefunction employed herein is the set of magnitudes of the oscillator strengths predicted for the free-molecule transitions. In view of the serious overestimates of oscillator strengths, even when configuration-interaction molecular wavefunctions are employed, some scaling of the intermolecular Coulomb interaction integrals is necessary. It is interesting to note at this point that the electron-exchange intermolecular integrals, which contribute only a small correction term in the case of singlet-exciton states, are not markedly affected by the molecular functions employed. For the naphthalene triplet state, it was found that the Pariser wavefunction leads to a triplet-state Davydov splitting which is only 10% lower than that obtained by using the Huckel function.
It is pertinent to consider again the importance of the various contributions to the energies of singlet exciton states in aromatic molecular crystals:
(a) The problem of calculating energies in molecular crystals cannot be reduced to the summation of dipole-dipole interactions. From 7r-electron theory, it has been demonstrated that short-range higher-multipole interactions yield important contributions to the diagonal and off-diagonal matrix elements. The most striking case is that of the diagonal terms for the p state, where the higher multipoles reduce the contribution within the sphere of 50 A from 100 cm-I for dipoledipole terms to 16 cm-I . The importance of higher multipole interactions has been pointed out by Craig et al. 4 However, in their calculations the transition octopole moment (for g--}u transitions) was used as an adjustable variable to obtain agreement with experiment.
(b) Electron -exchange interactions in the allowed singlet state (IB21l in anthracene) were found to be small.
(c) The long-range dipole-dipole interactions are of great importance, and any meaningful theory of singletexciton states arising from allowed transitions must take the long range of the interaction into accountY The computation of this contribution is greatly facilitated by applying the continuum approximation used in this paper. Long-range interactions involving modulated dipole sums are absolutely convergent, and, under the experimental conditions employed to date, the Davydov splitting is predicted to be independent of the crystal thickness. The contribution of long-range retarded dipole terms has recently been studied by Simpson 28 using quantum electrodynamics. Simpson's analysis leads to the same formula as is obtained in Appendix II of this paper. Ha1l 29 and Amos 30 have shown that, when only dipole-dipole interactions are included in the lowest excited states of molecular crystals, the classical theory of long waves developed by Born and Huang 3I for vibrations of ionic crystals is applicable. These authors examined the coupling between electromagnetic waves and transverse-exciton waves and the set of dispersion relations obtained therefrom. The effect of higher excited states was included in terms of a frequency-independent polarizability term.
(d) In the analysis presented here, the effects of configuration interaction between singlet-exciton states have been carefully examined. It was found that the mixing between p and f3 singlet states has a large effect on the Davydov splitting, while inclusion of higher excited 7r states has only a minor effect on the splittings. However, to account for the polarization ratios in the vibronic components of the p band, higher excited states must be included. 27 It should be noted that the conditional convergence of the dipole sum is characteristic of the three-dimensional crystal. For one-dimensional crystal models of physical interest, i.e., polymers, the dipole sum converges within a relatively small distance (,,-,SO .tt).
28 W. T. Simpson, Radiation Res. 20, R7 (1963 (e) Charge-transfer exciton states were found to have only a small effect on the anthracene p-band Davydov splitting. It appears that the charge-transfer state will only slightly influence singlet-exciton states arising from allowed transitions (i.e., characterized by an oscillator strength higher than 0.01). On the other hand, these charge-transfer exciton states may appreciably affect singlet-exciton states arising from symmetry-forbidden vibronically induced transitions (i.e., the IB21l state of benzene) or symmetry-allowed but mainly vibronically induced transitions [i.e., the IB3u(0') state of naphthalene].
For the case of naphthalene, the splitting in the 0-0 band of the 0' state is reported to be about 160 cm-I with the component perpendicular to b lying lower than does the component parallel to b. From the analysis presented here, the contribution of two-center integrals will vanish, and the Davydov splitting is expected to be smaller than 10 cm-I . This result is a consequence of the pairing property of Huckel or SCF 7r-electronic wavefunctions. Inclusion of intramolecular overlap in the Huckel wavefunctions destroys the pairing properties of the 7r orbitals, but the resultant splitting is small, and the components are inverted from what is found experimentally. Now, the pairing property of 7r-electron orbitals has been extensively tested by examination of the electron paramagnetic resonance spectra and optical spectra of positive and negative hydrocarbon ions. In all cases, it is found that the pairing of orbitals provides an accurate description of the observations. We therefore conclude that some other explanation than "poor wavefunctions" must be invoked to explain the observations. Recent work in this laboratory indicates that crystal-field mixing of ion-pair (charge-transfer) exciton states with the 0' state explains the observations. This work will be reported in a separate publication.
Aside from questions related to quantitative details, perhaps the most important deduction to be drawn from the work reported herein is that the observed spectra of aromatic crystals represent only the end effects of very subtle balances and interactions between all the states within the molecular electronic manifold. In this sense, then, the simplest version of exciton theory is an inadequate description of real systems.
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APPENDIX I: CALCULATION OF INTEGRALS
The Coulomb integrals are of the form where u n i is the ith molecular orbital on the nth molecule. We may break this up into atomic integrals (w n ,,) to get These atomic Coulomb integrals involve the interaction between 2P7r orbitals at orientations determined by the crystal structure. The coordinate system used in this calculation is the same as that used by Kotani et al.
33
The line joining Atoms a and/, defines the z axis, and we may choose the y axis to be perpendicular to one orbital, defining
where nand m are unit vectors in the direction of the 2P7r orbitals located on Centers a and /" respectivelyo We find that the atomic Coulomb integrals may be expressed as
The exchange integrals may be written (AS)
These may be broken up into sums over atomic integrals and, if we only keep two-center terms, we get 1'= LC",iC"iClC{J1 (Wn"Wm{J I Wn"wm{J).
The atomic integrals may be again broken up into a sum of basic integrals, Using the same definitions as above for A, B, C, D, E, F we get These atomic Coulomb and exchange integrals were calculated on an IBM 7094 computer using an integral program written by A. C. Wahl and P. E. Cade of the Laboratory of Molecular Structure and Spectra, the University of Chicago, The basic integrals are presented in Table XII .
APPENDIX II: DIPOLE-DIPOLE INTERACTIONS IN THE OUTER ZONE
In this appendix we evaluate the interaction between a dipole and the dipole field of all the matter in a spherical crystal, excluding a spherical inner zone. Since the convergence length is of the order of magnitude of k-I, it is necessary to include the effects of retardation of the interaction potential. Following Anex and Simpson 34 or Born and WOlf,a5 we take for the field of 32 P. Bagus, T, Gilbert, C. C. J. Roothaan, and H, D, Cohen, "Analytic SCF Functions for First Row-Atoms," (to be published). aa M, Kotani, E. Ishiguro, and K. Hijikata, J, Phys. Soc, Japan 9, 553 (1954) .
3' A, I. Kitaigorodskii, Organic Chemical Crystallography (Consultants Bureau, New York, 1961 The first term of Eq. (A16) is the interaction energy in the static dipole approximation (no retardation), and the second term is the correction due to retardation. Note that sin 2 kR f oscillates rapidly for small changes in
Rf ·
It is now necessary to examine more carefully the nature of our analysis. In effect, the system under investigation consists of a crystal and an incident light wave. This system is replaced by the equivalent system of a crystal containing an excitation wave. Now to compute the absorption function of the crystal, we use a Hamiltonian formalism. In that formalism, more particularly in Eq. (14) and similar matrix elements, it is valid to use the retarded dipole-dipole interaction provided that the dipoles are well localized and do not overlap. Within the tight binding formalism, such as is applicable to the molecular crystals considered here, this condition is fulfilled.
When a light wave is incident on a crystal, there are induced fields within the crystal which exactly cancel the incident wave and replace it with a different wave propagating with velocity (/n, where n is the refractive index of the crystal. Thus, in our calculation of the dipole field we have included not only that part of the field which leads to the direct interaction, but also that part of the field corresponding to radiation from the sphere. It is this radiation which leads to the oscillating term sin 2 xf. For, the extent of reflection or transmission of the wave at the surface depends on the phase relations between the source and the surface. Thus, the term sin 2 xf corresponds to expected interference effects. Now, for a macroscopic sample, the interaction energy cannot depend on the exact position of the surface, and it is therefore legitimate to replace sin 2 xf by its average value!. Under these conditions, the maximum contribution of the retardation term to the interaction energy is 20%. Moreover, the wave vector corresponding to propagation of the interaction should differ from the incident wave vector (which defines the modulation of the wavefunction) because of the presence of matter and, for any reasonable value of the effective refractive index, the corrections arising from retardation become smaller.
It is clear that complete resolution of the effects of retardation of the interaction requires further investigation, but we believe that we have shown that, to suffi· cient accuracy (i.e., accuracy much higher than corresponding to other approximations in the analysis), the retardation effects may be neglected. The dipole interaction energy then becomes, simply, 
Take the k vector to be in the z direction (as it is in the experiments), and take the direction cosines of tl in the xyz coordinate system to be P1, P2, and P3, 
